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Let J denote the Jacobian of the Fermat curve of exponent 5. In this paper we 
use information about the endomorphism ring of J to show that J is isomorphic 
over Q to a product of absolutely simple Abelian varieties defined over Q. 0 1992 
Academic Press, Inc. 
1. INTRODUCTION AND STATEMENT OF RFXJLTS 
For each positive integer N, let c,,, denote a fixed primitive Nth root of 
unity in Q, and let FN denote the complete non-singular curve over Q with 
the projective equation 
P+ YN+ZN=O. 
We denote the Jacobian of FN by J,. 
GN = Aut(F,) is generated by the elements 
0: (x, K a + (5N-K y, a, T: (X y, Z) + (X LJ y, Z), 
1:(-F Y,Z)-+(Y,KZ), P: w, K Z) + (Z, 4 Y). 
The natural homomorphism 
G, -+ Aut(J,) 
gives rise by Q-linearity to a homomorphism 
@: Q[GN] + EndO( 
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where EndO = End(J,) @ Q. For each positive integer k, we let 
N-l . 
Z!AT)= c 
j=O 0 
; T’EZ[T]. 
If N is relatively prime to 6, then it is known [2] that 
(1) @ is surjective, and 
(2) End(J,) n @(QCa, 7, PI I= @P(zCa, T, P, wl), where 
w= N-3 -Z,(a) Z3(7) + CZ1(a) Z&)-Z,(a) Z,b)lP + Z,(a) Z,(7) P2j 
E QCo, 7, PI. 
In the special case when N is 5, the restriction of the map CD to Q[o, 7, p]) 
is surjective [2 3. Hence, 
End(Jd = @GGo, G P, wl). 
Let a, b, c be positive integers such that a+ b + c = 5. We denote the 
quotient curve F.J(~J~T-~) by Fa,b,c. The Jacobian JO,b,r of Fa,b,= and 
the canonical projection map cp,, b, =: F5 --) F,, b, c are defined over Q. We 
consider the isogeny 
Identifying End(J,, 3, i) with Z[lJ, where c is now a fixed primitive fifth 
root of unity, cp induces a canonical isomorphism F+, between Endo and 
the ring of (3 x 3)-matrices Ms(Q[c]). This isomorphism maps c1 E End(J,) 
to (deg 9))’ cp 0 a 0 @E End’(J:, 3, i). More precisely, we have 
THEOREM A. FV maps End(J,) onto the subring of ikf3(Z[lJ) charac- 
terized by the following properties: Let X= 4’- 1 and v be the row vector 
(1,1, 1). Let MEM,(Z[C]). Then MEEnd if and onZy if there is an 
integer a such that 
vA4 z au E vM’ (mod n) and vkfv’~ (3~2) (mod x2). 
Using Theorem A, we can find three Abelian surfaces defined over Q 
such that their product is isomorphic to J, over Q. By determining the ker- 
nel of the dual isogeny @ of rp, we were able to determine the relationships 
between these Abelian surfaces and J,, 3, , . 
THEOREM B. There exist Abelian varieties A and B defined over Q such 
that 
(1) J5 is isomorphic to A2 x B over Q, 
(2) A is isomorphic to J1, 3, 1 over Q[c], 
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(3) ouer Q[i], B is isomorphic to J1,3,1/((1+31t)Q), where 
TC = [ - 1 is in End(J,, 3, 1) and Q is a non-trivial n2-division point on J,, 3, 1 
whose complex conjugate is -Q. 
2. ENDOMORPHISMS 
Let 5 be a fixed primitive fifth root of unity, K = Q[[], and let I!!& denote 
the ring of integers Z[[] of K. We shall drop the subscript 5 from J,. 
Henceforth J denotes the Jacobian of F5. 
We fix the isomorphism 
Let +: J:, 3, I + J be the unique isogeny such that I$ 0 tp is multiplication by 
deg(cp) on J. Let us agree to associate to an endomorphism o! of J:, 3,, the 
matrix MUM, if on closed points, 
The canonical isomorphism 
F,: End’(J) + M,(K) 
maps amend to (degcp))’ (~ocr~@)~End~(J:,~,r)=M~(K). 
Denoting the diagonal matrix (a$)E M,(K) by d(a,, ,, a2,2, a3,3), we 
have 
and 
F,(o) = 4L C3, 0 F,(z) = N3, L 0 
F,(P)= 
Let N, , N,, N,, and N4 be the following matrices in M3(&): 
-(1+25-C2) -(1+r+2r2+21;3) (2 + 31+ c2 + 213) 
-(2+35+12+2<3) (1+c+2c2+2C3) 
(1 + 25 + 3c2 + 313) - (1 + 25 + 3c2 + 353 1 , ) 
THE FERMAT CURVE OF EXPONENT FIVE 105 
-(1+5+2C2f2C3) (2+31+[2+2[3) -(1+2C-c2) 
N,= -(2+35+C2+2c3) (1 +5+2c2+2c3) (1 +w-rZ) 3 
(1 +21:+3C2+3C3) - (1 + 26 + 3P + 3C3) 0 
( 
-(2+31-12+C3) (2 + 3C-C2 + C’) -(1+25-(2) 
N3= 0 (1+ i + 2y2 + 2C3) (1+X-C2) 2 
(2+45:+5C2+4C3) -(1+21;+3C2+3c3) 0 ) 
( 
0 -(2+31-C2+c3) (2+3C-C2+C3) 
N4= (3+4[+c2+2c3) 0 -(3+45+i2+2C3) 
-(2+4[+5C2+4c3) (2+4[+5c2+4c3) 0 
Let 
v= 5-‘Z,(fl) J2(z)(p-- l)EQCa, 7, PI, 
w  = G(W), and u = G(V). Then the quotient group 
End(J)/@(ZCo, T, PI) 
is a free Z/SZ-module of rank 4 generated by w, wp2, u, and up [2], 
LEMMA 2.1. Let B= F,o @(Z[o, z, p]). Then F,(End(J)) is the sum 
B+ZN,+ZN,+ZN,+ZN,, 
and is a subring of M,(O,). 
Prooj: The lemma follows directly from the preceding remark, since 
N1, N,, N3, and N4 are the matrices for w, wp’, v, and vp under Fq, 
respectively. 1 
Let a = c - 1 E 0,. For a matrix NE M,(K), let the sum of the elements 
in the rth row of N and the sum of the elements in the sth column of N 
be denoted by C,(N) and ES(N), respectively. We shall identify the two 
rings End(J) and F,(End(J)) in this and the following sections. 
LEMMA 2.2. Let NE M3(OK). Then NE End(J) + M,(nO,) if and only if, 
for all pairs (j, k), 
z;.(N) z rZ,JN) 3 $(N) = f,(N) (mod x). 
ProoJ We consider the reduction mod IC map 4: M3(OK) + M,(F,). By 
inspection, the image of End(J) under 4 is the subspace V with the 
following matrices as a basis over F,: 
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Hence, (End(J) + M,(r@))/M,(x0,) has order 55. 
N is in End(J) + M,(nOx) if and only if there are integers u, b, c, d, and 
e such that 
( 
(a+2d-e) (b-d-e) (c-d+2e) 
NE (c-2d+e) (a+d+e) (b+d-2e) 
b c a 1 
(mod x). 
In particular, 
Z,(N)~C2(N)sZ3(N)~fl(N)~f2(N)-~,(N) (mod x). 
Since the latter congruences give rise to 4 linearly independent relations 
over F,, we have proved the lemma. i 
LEMMA 2.3. n2Mj(0x) c End(J) and [M3(0x) : End(J)] = 55. 
Proof: Let A and B denote @(Z[a, T]) and @(Z[a, z, p])= 
A $ Ap @ Ap2, respectively. From F,(a) = A([, 13, i) and F,(r) = 
A(C3, 5, c), we see that d,(50x)~A. Here d(Z) denotes the set’ of all 
diagonal matrices in M3(0x) with entries in ZG 0x. Since M3(50x) is the 
direct sum @3=0 A3(50K) pj, we have 
B/M3(5W = WA3(5W)3, 
as additive groups. 
We note that A(n, -z, 0) = 0~7 - m3 E A, A(0, TC, -n) = a37' - 0~7~ E A, 
A( -z2, 0,O) = A(x, --x,0) + 0~7~ - 07~ E A, A(0, 0, n2) = A(Tc, 0, +Q2 - 
A(n2, 0,O) E A, and A(0, x2, 0) = A(n, -n, 0)2 - A(Tc’, 0,O) E A. Thus 
A3(7r2Q) E A, and M3(7&Q) z B. 
From [“’ 5 1 + mn (mod x2), we get 
0'7'~ I3 + rA(n, 37t, 71) + sA(37r, II, n) (mod x2), 
where Z3 = A( 1, 1, 1). Clearly, an F,-basis for A/A3(z2tJK) is 
{I,, 4~ 3x7 n), 4(3x, 71, ~1). 
Therefore the group index of A3( 50,) in A is 59, and [B : M3(5&)] = 527. 
However, [M,(Q) : M,(50x)] = 536. So [M3(0x) : End(J)] = 55. 1 
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We can now prove Theorem A. 
Proof of Theorem A. We note that the following matrices are in 
B=@(Z[a, r, p]) : pi, d(z,-n, O)p’, d(0, rr, -A) p’ (j=O, 1,2). In fact, 
these matrices form an F,-basis for B/M3(a2tJK) from the proof of the last 
lemma. Reducing modulo a’, and using the previous lemma, we find that 
In general, NS (ai,i) + 7r(b,j) = R (mod B), where iV is the matrix 
aI.1 a1.2 *1.3 
a2.1+(b,,3+b3.2+bt,)n a22+(b,,,+b2,2+b3,3)n ~~~+(b,,,+b~~+b~,~)~ 
a3.1 a3,2 a3,3 
Therefore, N is in End(J) if and only if N is in End(J). From 
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we obtain the congruences 
h=isj=k=lzmsO (mod5), b,, 3 + b3,2 + b2,, = -b (mod 5), 
bl, 1 + b2, 2 + b3, 3 - a (mod 9, b,.2+b2,3+b3,1=b-u (mod5). 
Hence, if we write N as the sum N, + rrN2 (mod rc2), where N,, N, are 
integral matrices, 
j$l zj(N2) ZO (mod 5). 
Let T be the subspace of M3(0k)/M3(7r20k) defined by the congruences 
Cj(M1) E sZk(A41) s Zj(M~) E E’,(M,) (mod 5) 
for all pairs (j, k), and 
(mod 5 1, 
where MS M, + 7rM2 (mod n’) and M,, M2 are integer matrices. These 
congruences yield 5 linearly independent relations mod 5; hence T has 
dimension 5 less than that of M3(0k)/M3(n20k). Since T contains End(J)/ 
M3(7r2S,), we have Theorem A by applying Lemma 2.3. 1 
We end this section with the remark that J is not isomorphic to X3 for 
any Abelian surface X over C. In particular, J is not isomorphic to 
(JI, 3, I x J3, I, I x J2,2, I 1. 
Suppose, on the contrary, that J is isomorphic to X3. Then 
R = End(X) c ok, and there is a ring isomorphism 4 from End(J) to 
M3( R). We will identify End(J) with the subring FP (End( J)) of M,( 0,). By 
tensoring over Q, 4 extends to an automorphism 4 of M,(K). Let 
S= &M,(O,)). Then M,(R) E S. 
Let Ei,j be the matrix in M,(Z) whose (i, j)th entry is 1, and all other 
entries are 0. Let R, j be the set of a E K such that 
aE,j+ C a, 3% s E S for some a, s E K. 
(r,s)+(i.j) 
Since E, s E S, R,j = RI*, . Also RI, 1 is a subring of K and M3( R,, 1) E S. 
Since S is integral over Z, so is RI, 1. Thus RI, 1 E OK. 
If (a,,,) ES, then we conclude from qjE,, 1 = E,,!(a,, .) Ej, I ES that 
ai.jER,, I. Together with our discussion in the previous paragraph, we 
have that S= M,(R,, 1). We then use the fact that M3(Uk) is a maximal 
order in M,(K) to conclude that $ maps M3(OK) onto itself. 
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Let u be the unit in 0, such that 5 = urr4. Since ul, and xl, are in the 
center of M,(K), qI maps them onto pZ3 and AZ,, respectively, whence ,u is 
a unit and pA4= 5. Hence 1 and rc generate the same ideal in &, and 4 
induces an isomorphism between (End(J) + M,(rrO,))/M,(nO,) and 
(M,(R) + M,(&))/M,(rrO,). The two spaces have respective dimensions 4 
(Lemma 2.2) and 9 (M3(Z) c M,(R)) over F,. This contradiction shows 
that 
COROLLARY 2.4. J is not isomorphic to X3 for any Abelian surface X. In 
particular, J is not isomorphic to J,, 3+ , x J3, ,, 1 x J2, 2, 1. 
3. J Is A PRODUCT OF ABELIAN SURFACES OVER Q 
As in Section 2, we identify End(J) with its image in M,(&) under F,. 
By Theorem A, the following are endomorphisms of J: 
They satisfy wiwj = 0 when i #j, w: = wi for all i, and w1 + w2 + w3 = 1. 
Let Aj be the Abelian subvariety wj(J) of J. Each wi, regarded as an 
endomorphism of J:, 3, , , is defined over Q. Therefore Aj is defined over Q, 
and we have an isomorphism 
JxA,xA,xA, 
defined over Q. Each Aj is an absolutely simple Abelian surface. 
We note that rw2r = w3, since 
F&) = 
Here we have used the fact that 1, pz, and p2z induce the hyperelliptic 
involutions on F2, 2, 1, F,, 3, 1, and F3, r, , , respectively. Thus z E Aut(J) 
induces an isomorphism (over Q) A2 x A3. It follows from Corollary 2.4 
that A, and A2 are not isomorphic. 
641/41/L-8 
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We note that End(A,) is isomorphic to the order Z +x20, of Ok, while 
End(A,) is 0,. To see this, End (A,) is the subset of all matrices N in 
End(J) such that N commutes with wl, and N. w2 = 0 = N. w3. These imply 
that there is an a E 0, such that N is awl. Using the description of End(J) 
in Theorem A, N is in End(A, ) if and only if a E Z + n20,. One then checks 
that N + a is an isomorphism between End(A,) and Z + ~~0,. The proof 
for End(A,) = 0, is similar. This also shows that A, and A, are not 
isomorphic. 
We also note that, using the fact that K has class number one, we can 
show that A2 is isomorphic to J1, 3, 1 over K. 
4. THE KERNEL OF THE DUAL MGENY TO cp 
We note that cp has degree 56, and @i 0 cp = 5, where the dual 4 is the 
composition 
J:, 3.1 
lXpXp* 
-J,31xJ311xJ221 
(m,s.l)* x b3,LlY x (rpZ,ZlP * J. 9 > . 1 3 7 
To simplify the notation, we shall write Y, = J1, 3, , and Y = Y i in this and 
the next section. 
We note two facts: 
(1) F, and F, are inverses to each other; 
(2) For j? in End(Y), there is a unique isogeny a in End(J) such that 
a o 4 = 4 o p if and only if /3(Ker(@)) E Ker($). 
LEMMA 4.1. F,(End(J))= {/3EEnd( Y) : j?(Ker(@))zKer($?)}. 
Proof: By Theorem A, F,(End(J)) is contained in End(Y). By remark 
(2), given /I in End(Y), /I stabilizes Ker(Q) if and only if F&!?) = 
aE End(J). The latter condition is equivalent to F,(a) = /I by remark 
(1). I 
We fix a DE Yo[5]\Y,,[7r3]. Then 
YclC51+ (l/5) G&%9 i ajnjD+ 5-l 5 a/n’ 
j=O j=O 
is an isomorphism of C&modules. Since 5 Ker(@) = 0, we have Ker(@) c 
v= Y[5] = ( Yo[5])3. 
M,(O,) acts on I/ in a natural way: 
(u#q). 
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By Lemma 4.1, R =F,(End(J)) is the subring of M,(O,) consisting of all 
matrices that stabilize Ker(@). 
LEMMA 4.2. (x, y, Z)‘E Ker($) implies (z, x, y)‘, (y, z, x)’ E Ker($). 
Proof: The lemma follows from the fact that R contains F,(p) and 
fyP2). I 
Let P= (x, y, z)’ be in Ker(@) (E I’), where 
and 
j-0 j=O j-0 
with xi, yj, zj E (0, 1, 2, 3,4}. 
LEMMA 4.3. xo=yo=zo=O. 
Proof: If x0 # 0, then there is a P in Ker(@) with x0 = 1. Since 
d(lr3, 0,O) E R, (x3/5, 0, 0)‘~ Ker(@). Since d(x’, 0,O) E R, it follows that 
Ker(e) contains (x2/5 + xi x3/5, 0, 0)‘. Therefore (x2/5, 0, 0)’ E Ker($). By 
Lemma 4.2, Ker(@) is the kernel of the endomorphism z2/Z3 of Y. In 
particular, this implies that @ factors through 7r2Z3: Y+ Y and an 
isomorphism Y 3 J, a contradiction. Therefore, x0 = 0. By Lemma 4.2 
again, yo=zo= 0 also. a 
LEMMA 4.4. Y[nZ3] c Ker(cj). 
Proof: Suppose that for all 
P= (x, y, Z)‘E Ker($), x,=y1=z1=0. 
Then Ker(g) contains Y[a2Z3], whence equality holds because they have 
the same order. This is the same contradiction obtained in Lemma 4.3. 
Thus there exists P in Ker(@) with at least one of xi, y,, or zi equal to 
one. By Lemma 4.2, we may assume that x1 = 1. Then (x3/5, 0, O)‘= 
d(a’, 0, O)PE Ker($), whence Y[aZ3] E Ker(@). This completes the proof 
of the lemma. 1 
LEMMA 4.5. xl=y, =zl. 
Proof We note that 
~y~-Z~~~2,5~~y2-Z21~3,‘)=(~ a ~n)(~)cKer(@). 
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If y, # zi, then (0, 7c2/5, 0)‘~ Ker(@). By Lemmas 4.2 and 4.4, 
Y[n*Z,] c Ker(@), 
a contradiction. Thus y, = zl. Using 
instead, we obtain x1 = zl. m 
The above lemmas imply that Ker($) is contained in the subspace T of 
V consisting of vectors (x, y, z)’ E I’, with 
z = i Zjdf5. 
j=l j=l j=l 
We note that Ker($) and T have dimensions 6 and 7, respectively, 
over FS. 
LEMMA 4.6. (7c2/5, -7r*/5, O)‘, (0, 7c2/5, -7r’/5)’ E Ker($). 
ProoJ Suppose that (a7c2/5, -a7r2/5, O)‘E Ker($) o a = 0 in F,. 
Applying 
to P = (x, y, z)’ E Ker($), we obtain 
(( -x2 - y, + 22,) 7c2/5, (x2 + y, - 22,) 7c2/5, 0)’ E Ker(@), 
whence x2 + y, - 22, = 0. Likewise, 2x, - y2 - z2 = 0 follows from applying 
to P. Therefore, Ker($) is contained in the subspace To of T, where 
x*+y*-2z2=2x2-y*-z*=o. 
The subspace To has dimension dim.,(T) -2 = 5 < 6, a contradiction. 
Hence, (1r’/5, - n2/5, 0)’ E Ker($). By Lemma 4.2, (0, x*/5, -7r*/5)’ E 
Ker(4). I 
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LEMMA 4.7. Ker(@) is a hyperplane in T given by kxl +x2 + y, + z2 = 0 
for some kEF5. 
Proof Since dim,,(Ker($)) = dim,,(T) - 1, Ker(@) is given by 
i @jxj+j$2 BjYj+ t Yjzjzo. 
j=l j=2 
Since Y[nZ3] c Ker(@), we have clg = p3 = y3 = 0. Using Lemma 4.6 and the 
fact that Y[rr2ZX] # Ker(@), we have that a2 = /I2 = y2 # 0 and ai # 0. fl 
By a theorem of Greenberg’s [l, Theorem 1.11 the rr3-division points of 
Y0 are rational over K. Therefore Ker(@) is stable under the action of 
Gal(K/Q). We will use this fact to show that k = 1 if we make a special 
choice for D (see the paragraph after Lemma 4.1). 
Complex conjugation induces automorphisms on the groups of 
rc’-division points of Y, for r = 1,2, 3. It is the identity on the group of 
x-division points of Y,. Since il= c4- 1, 71 acts as (-rr + z2 - rr’) on 
yo c51. 
LEMMA 4.8. There is a non-trivial x2-division point Q, on Y,, whose 
complex conjugate is - Q,. 
Proof: Let Q be any n2-division point which is not a z-division point. 
Let P = nQ. Applying complex conjugation, 
-(-ly@=p=p or -Ir&=lP=P. 
Thus n(Q + Q) = 0. This shows that the minimal polynomial of ; as an 
F,-linear endomorphism on Yo[n2], is ( T2 - 1). Thus the eigenvalues of 
this action are f 1. l 
LEMMA 4.9. Take D E Y,,[S] (see the paragraph after Lemma 4.1) to be 
such that n2D = Q,. Then k = 1. 
ProoJ Let Q=nD. We recall (Lemma 4.6) that Y[aZ3] sKer(@?). By 
Lemma 4.7, there is a k such that (xi Q + x2Q,,, xi Q + y,Q,, 
x1 Q + z2 Q,) E Ker(@) if and only if kx, + x2 + y2 + z2 = 0. 
Consider the point E = (Q - kQo, Q, Q) E Ker(@). Then its complex 
conjugate is E= (Q + kQo, &, Q). We claim that Q = Q + Q,. Applying 
complex conjugation to rrQ = Q,, we get that --crt& = -Q, and rrQ = [QO. 
Thus rr(Q - Q) = rcQ,. Let E, = Q - Q - Q,. Applying complex conjuga- 
tion to the latter equation, we obtain E, = 0. Therefore 
E= (Q + (k + 1) Qo7 Q + Q,, Q + Q,) E Ker($), 
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since Ker($) is stable under the action of Gal(K/Q). In particular, 
k+(k+l)+l+l=O,ork=l. 1 
We can write down an F,-basis for Ker(4): 
(PO, 0, 01, (0, P,, 01, (0, 0, PO), (Q,, -Q,, O), (0, -Q,, Q, 1, 
(Q - Qo, Q, Qh 
where Q, is a fixed non-trivial n2-division point with Q. = -Qo, Q E Y[rr’] 
is such that nQ= Q,, and PO=nQ,. 
Let Z: Y[7c31,] --) Y,[n3] be the homomorphism 
and let d: Y0[rr3] -+ Y[n31,] be the diagonal embedding. 
PROPOSITION 4.10. Ker($) is (EE Y[n’l,] +A( Y,,[n3]):Zn(E-E)=O). 
Proof: It follows from the proof of Lemma 4.9 that rr& = Q, + P,,. A 
straightforward calculation then shows that Cz(E-EE) = 0 for all E in 
Ker( 4). 
Conversely, let 
E=(a,P,+b,Qo+clQ,a,P+b,Q,+c2Q,a3PO+b,Qo+c3Q> 
be a solution to Zn(E- E) = 0. Using rrQ = Q, + P again, we get 
2(b1+ b2 + b3) = cl + c2 + c3. 
If, in addition, c, = c2 = c3, then c, + b, + b, + b3 = 0 or E is in Ker($). fl 
We can now finish the proof of Theorem B. 
Consider the isogeny 4: Y + J. Regarding wj E End(Y), 5 = Wj( Y) is the 
Abelian subvariety of Y given as 
{ (2E, 2E, -3E) : EE Yo} (j= 11, 
{ (0, -E, E) : EE Y,,} (j= 21, 
{(-E,O,E):EEY~} (j=3). 
In the previous section, we defined Aj= wj(J). Then @(xj) = Aj. Since 
w1 + w2 + w3 = 1, wiwj = 0 for i # j, w: = w, for all i, and 4 commutes with 
each wj, we conclude that 
Ker(@) = @ Ker(@ IX,). 
j=l 
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Using the notation preceding Proposition 4.10, 
(2P09 2Poy -3Pd (Q-2&, Q-2Q09 Q+3Q&KerG IA,h 
(0, -PO, PO), (0, -Qo, Q,) E KM@ lA2)r 
( --pop 0, PO), (- Qo, 0, Qo) E KM@ 1 A,). 
Thus Ker($ 1 Aj) has order at least 5’ for each j. Hence Ker(g IA,) has exact 
order 52 for each j. 
;ri is isomorphic to Y, via the isomorphism (2E, 2E, -3E) + E. So there 
is an isogeny rl/l : Y, + A, over Q with kernel (3Q - Q,, PO). 72 induces an 
isomorphism over K: 
Yol<Po) s yo- 
Thus we have an isogeny over K, ti2 : Y, x Y,,/( PO) -+ A,, with kernel 
generated by 
43Q - Qo, = 3(Qo + 3Pd 
Hence, over K, A, is isomorphic to 
Yol((l+3~)Qo>. 
x2 is isomorphic to Y. over Q via (0, -E, E) + E. Thus there is an 
isogeny over Q, f : Y. + AZ, with kernel 
(PO, Qo> = YoC~~I. 
Hence f factors through an isomorphism over Q: 
Yo/Ker(rr2) 5 A2. 
This completes the proof of Theorem B, since Y, is isomorphic to 
Yo/Ker(rr2) over K. 
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